ABSTRACT. We prove the algebraicity of the Hilbert functor, the Hilbert stack, the Quot functor and the stack of coherent sheaves on an algebraic stack X with (quasi-)finite diagonal without any finiteness assumptions on X. We also give similar results for Hom stacks and Weil restrictions.
INTRODUCTION
Let S be a scheme and let f : X → S be a morphism between algebraic stacks that is locally of finite presentation. If f is separated then it is well-known that the Hilbert functor Hilb X/S is an algebraic space, locally of finite presentation over S [Art69, OS03, Ols05] . If f is not separated but has quasi-compact and separated diagonal with affine stabilizers, then one can instead prove that the Hilbert stack H qfin X/S -parameterizing proper flat families Z → T with a quasi-finite morphism Z → X × S T -is an algebraic stack, locally of finite presentation over S [Ryd11, HR10] . The first main result of this paper is a partial generalization of these two results to stacks that are not locally of finite presentation.
Theorem A. Let S be a scheme and let X be an algebraic stack over S.
(i) If X → S has finite diagonal then Hilb X/S is a separated algebraic space and H qfin X/S is an algebraic stack with affine diagonal. (ii) If X → S has quasi-compact and separated diagonal with affine stabilizers, then H qfin X/S is an algebraic stack with quasi-affine diagonal. Our second result is about stacks of sheaves. Let us again first recall the classical situation. So, let f : X → S be a separated morphism between algebraic stacks that is locally of finite presentation. Then C oh(X/S)-the stack of finitely presented sheaves on X which are flat and proper over S-is an algebraic stack, locally of finite presentation over S with affine diagonal [Lie06, Thm. 2.1], [Hal12b, Thm. 8 .1]. If we are also given a quasi-coherent sheaf F on X, then Quot(X/S, F) is a separated algebraic space [Hal12b, Cor. 8 .2]. Usually, one also assumes that F is finitely presented. Then Quot(X/S, F) is locally of finite presentation over S and the result goes back to [Art69, OS03, Ols05] . Again, we are able to remove the hypothesis that X → S is locally of finite presentation.
Let S be an affine scheme (or more generally a pseudo-noetherian stack). Recall that an algebraic stack X → S has an approximation if there exists a factorization X → X 0 → S where X → X 0 is affine and X 0 → S is of finite presentation [Ryd09, Def. 7.1]. Equivalently, there is an inverse system {X λ } of algebraic stacks of finite presentation over S with affine bonding maps and inverse limit X [Ryd09, Prop. 7.3].
We say that a morphism X → S is locally of approximation type if there exists a faithfully flat morphism S ′ → S that is locally of finite presentation, and ań etale representable surjective morphism X ′ → X × S S ′ such that X ′ → S ′ is a composition of a finite number of morphisms that are either affine or locally of finite presentation and quasi-separated.
The condition of being locally of approximation type is clearly (i) stable under base change, (ii) stable under precomposition with morphisms that are either affine or locally of finite presentation and quasi-separated, (iii) fppf-local on the base, (iv) etale-local on the source.
Lemma (1.1). Let f : X → S be a quasi-compact and quasi-separated morphism of algebraic stacks. The following are equivalent (i) f is locally of approximation type.
(ii) There exists an fppf-covering {S i → S} such that S i is affine and
Proof. Clearly (ii) implies (i). For the converse, we may assume that S is affine and that there exists anétale representable surjective morphism X ′ → X such that X ′ → S is a composition of morphisms that are either affine or locally of finite presentation. Since X is quasi-compact, we may further assume that these morphisms are of finite presentation. Then X ′ → X is of finite presentation so that X → S is of approximation type [Ryd09, Def. 2.8]. It then has an approximation by [Ryd09, Thm. 7.10].
STACKS OF SPACES
In this section we prove Theorem A and some related algebraicity results for Hom-stacks and Weil restrictions.
Definition (2.1).
Let f : X → S be a morphism of algebraic stacks. The Hilbert stack H X/S is the category where:
• objects are pairs of morphisms (p : Z → T , q : Z → X) where T is an Sscheme, where p is flat, proper and of finite presentation and where (q, p) is representable; • morphisms are triples (ϕ, ψ, τ ) fitting into a 2-commutative diagram
such that the square is cartesian. The category H X/S is fibered in groupoids over Sch /S and byétale descent it follows that H X/S is a stack. We call H X/S the Hilbert stack of X.
The substack of objects such that (q, p) : Z → X × S T is locally quasi-finite (resp. unramified, resp. a closed immersion) is denoted H 
Proof of Theorems (2.2) and (2.3). We begin with Theorem (2.3) (i). Let
is open and constructible, it is quasi-compact and open. Now, we prove Theorem (2.2). The question is fppf-local on S, so we may assume that S is affine. Given a representable morphism g : X → Y of algebraic stacks over S, there is a natural functor g * :
Now assume that g is quasi-affine. If Y → S is separated or has separated diagonal with affine stabilizers, then we obtain an induced morphism g * : H qfin X/S → H qfin Y /S . Indeed, let Z → S be a proper morphism together with a quasi-finite S-morphism Z → X. If Y → S is separated, then Z → X is finite so that Z → X → Y is proper and quasi-affine, hence finite. If instead Y → S has quasifinite and separated diagonal, then Z → X → Y is quasi-affine, of finite type and has proper fibers. The last fact follows from the observation that the residual gerbe G y is separated for every y ∈ |Y |. It follows that Z → Y is quasi-finite so g * is well-defined.
Also, if g is quasi-affine (resp. affine, resp. an open immersion), we note that g * : H X/S → H Y /S and g * : H qfin X/S → H qfin Y /S are quasi-affine (resp. affine, resp. open immersions). Indeed, given a morphism T → H qfin Y /S corresponding to maps Z → T and Z → Y , then the pull-back of g * to T is Sec Z/T (X × Y Z/Z) which is quasi-affine (resp. affine, resp. an open immersion), by Theorem 2.3 (i)-(ii).
It is now readily deduced that H qfin X/S = U H qfin U/S , where the union is over all open quasi-compact substacks U ⊆ X. We can thus assume that X → S is quasicompact. As the question of algebraicity is fppf-local on S, we can also assume that X → S has an approximation X → X 0 → S. If X → S is separated (resp. has quasi-finite and separated diagonal), then it can be arranged so that X 0 → S is also separated (resp. has quasi-finite and separated diagonal) [Ryd09, Thm. C]. The stack H qfin X 0 /S is thus algebraic and has affine (resp. quasi-affine) diagonal [Hal12b, Thm. 9.1] and [HR10, Thm. 2]. As we have seen above, the morphism H 
Proof. Note that there is an isomorphism Hom
Thus, in the first case the corollary follows immediately from Theorem (2.3). In the second case, we reduce as before to the case where S is affine and X → S is quasi-compact so that there is an approximation X → X 0 → S. As before, Similarly, if Z → S and X → S are as in Theorem (2.4) and in addition X → S has one of the properties: Deligne-Mumford, representable, representable and separated, locally of finite presentation, locally of finite type, unramified,étale, smooth; then so has Hom(Z, X).
Remark (2.6). Boundedness -If W → X is quasi-compact, then it is non-trivial to show that f * W → S is quasi-compact. Some results are available, however, such as [Ols07] 
Remark (2.7). The proof of Theorem (2.2) also shows that if X = lim ← −λ X λ , where {X λ } λ is an inverse system of algebraic stacks of finite presentation over S with affine bonding maps, then H qfin X/S = lim ← −λ H qfin X λ /S and this inverse system has affine bonding maps.
INTRINSIC FINITENESS FOR SHEAVES
In this section we introduce the relative finiteness notion-intrinsically of finite presentation-referred to in the introduction. This notion is needed in the definition of the stack C oh(X/S) and the sheaf Quot(X/S, F) when X → S is not locally of finite presentation. To motivate this definition, note that if q : Z → X is a finite morphism and p : Z → X → S is of finite presentation, then q * O Z is of finite type but not necessarily of finite presentation. Conversely, if q * O Z is of finite presentation, then this does not imply that p is of finite presentation. The new finiteness notion fixes this: q * O Z is intrinsically of finite presentation over S exactly when p is of finite presentation. Moreover, this notion is also defined for sheaves of O X -modules. We begin with the affine case.
Definition (3.1).
Let A be a ring, let B be an A-algebra and let M be a B-module. We say that M is intrinsically of finite presentation over A if there exists a polynomial ring A[x 1 , x 2 , . . . , x n ] and a homomorphism A[x 1 , x 2 , . . . , x n ] → B such that M is of finite presentation as an A[x 1 , x 2 , . . . , x n ]-module.
Although quite natural, we have not been able to find this definition in the literature. In this context, the following lemma is of fundamental importance. Let A be a ring, let B be an A-algebra and let M be a B-module. Then from the previous lemma we obtain that:
Lemma (3.2). Let A be a ring, let B be an
If B = lim − →λ B λ is a direct limit of A-algebras of finite presentation, then the following are equivalent:
(i) M is intrinsically of finite presentation over A, (ii) M is a finitely presented B λ -algebra for all sufficiently large λ, (iii) M is a finitely presented B λ -algebra for some λ. This follows from the lemma above and the observation that every homomorphism A[x 1 , x 2 , . . . , x n ] → B factors through B λ for all sufficiently large λ.
From this characterization we easily obtain that the property "intrinsically of finite presentation over the base" is stable under base change, fpqc-local on the base, stable on the source under pull-back by finitely presented morphisms and fppf-local on the source: In particular, the property is fppf-local on source and target, so we may extend the definition to algebraic stacks as follows.
Definition (3.3).
Let f : X → S be a morphism of algebraic stacks. A quasicoherent O X -module F is intrinsically of finite presentation over S if fppf-locally on X and S, it is intrinsically of finite presentation. If, in addition, Supp(F) is universally closed and separated over S, then we say that F is intrinsically proper over S.
Proposition (3.4). Let f : X → S be a morphism of algebraic stacks. Let F be a quasi-coherent O X -module. (i) If f is of finite presentation, then F is intrinsically of finite presentation over S (resp. intrinsically proper over S) if and only if F is of finite presentation (resp. has proper support over S). (ii) Stability under base change: if F is intrinsically of finite presentation
over S (resp. intrinsically proper over S) and S ′ → S is any morphism, then so is the base change Proof. (i)-(iii) follow directly from the affine case so it remains to prove (iv). If h * F is of finite presentation, then F is intrinsically of finite presentation by (iii). Also, F is finitely generated and Supp(F) ֒→ X → X 0 is integral with image Supp(h * F) (Lemma 3.2). It follows that F is intrinsically of finite presentation and intrinsically proper over S.
For the converse, we may work locally on S and assume that S is affine. Then X 0 is pseudo-noetherian so we may write X = lim ← − X λ where g λ : X λ → X 0 is affine of finite presentation. Let h λ denote the induced map X → X λ . The push-forward (h λ ) * F is of finite presentation for sufficiently large λ by (iii). Let Z λ ֒→ X λ denote the closed substack defined by the zeroth Fitting ideal of (h λ ) * F. The Fitting ideal is contained in the annihilator of (h λ ) * F and since (h λ ) * F is finitely presented, the Fitting ideal is finitely generated. Thus j : Z λ ֒→ X λ is of finite presentation and (h λ ) * F = j * j * (h λ ) * F. Moreover, since X 0 → S is separated, Z λ → X 0 is proper, hence finite. We conclude that h * F = (g λ ) * (h λ ) * F is of finite presentation with proper support.
STACKS OF SHEAVES
In this section we prove Theorem B and related results on Hom-spaces of sheaves.
Definition (4.1).
Let f : X → S be a separated morphism of algebraic stacks.
• The stack of coherent sheaves C oh(X/S) is the category with objects (T, G) where T is an S-scheme and G is a quasi-coherent sheaf of O X× S Tmodules that is flat over S, intrinsically of finite presentation over S and intrinsically proper over S.
• The stack of coherent algebras C oh alg (X/S) is the analogous category with algebras instead of modules.
• Let F be a quasi-coherent O X -module. The functor Quot(X/S, F) takes an S-scheme T to the set of quotients F ։ G (up to isomorphism) such that G is intrinsically of finite presentation over S and intrinsically proper over S. There are natural isomorphisms Hilb(X/S) = Quot(X/S, O X ) and H qfin X/S = C oh alg (X/S) that take a family (p : Z → T , q : Z → X) to the sheaf (q, p) * O Z , noting that (q, p) is finite since X → S is separated. Moreover, there is a natural forgetful morphism C oh alg (X/S) → C oh(X/S) which is represented by affine morphisms. This follows as in [Lie06,  Proof. The question is fppf-local on S so we assume that S is affine. We may replace X with the closed substack defined by Ann O X (G) and thus assume that X → S is quasi-compact and universally closed. After replacing S with an fppfcovering, we may then assume that X → S has an approximation X h → X 0 → S with X 0 → S separated. Then h * G is of finite presentation with proper support over S.
The natural morphism Hom O X /S (F, G) → Hom O X 0 /S h * F, h * G is a monomorphism since h is affine. As we will see, this monomorphism is represented by closed immersions. Since
Let K be the kernel of the surjection h * h * F → F. A homomorphism h * F → h * G induces a homomorphism h * h * F → G, which factors uniquely through F if and only if the composition K → G is zero. This happens if and only if h * K → h * G is zero. This is a closed condition since
If F is also intrinsically of finite presentation, then h * F is of finite presentation. It follows that Hom O X 0 /S h * F, h * G is of finite presentation and we conclude that Hom O X /S (F, G) is of finite type.
Corollary (4.3).
Let f : X → S be a morphism of algebraic stacks that is separated and locally of approximation type. Let A be a quasi-coherent O X -algebra. Let G ∈ QCoh(X/S) be flat over S and intrinsically of finite presentation and intrinsically proper over S. Then the sheaf R G/S (A), which takes a morphism h : T → S to the set of h * A-module structures on h * G, is affine over S. Proof of Corollary (4.3). The question is local on S so we can assume that S is affine and X → S is quasi-compact and admits an approximation X → X 0 → S.
Consider Hom O X /S (A⊗ O X G, G), which is an affine S-scheme by Theorem (4.2). Let ϕ : A ⊗ O X G → G denote the universal homomorphism (after replacing S with the Hom-space). The Weil restriction R G/S (A) is then the subfunctor given by the conditions that the maps:
vanish, where η : O X → A is the unit and µ : A ⊗ O X A → A is the multiplication. This is a closed subfunctor since Hom O X /S (F, G) is affine for any quasi-coherent O X -module F.
Theorem (4.4).
Let f : X → S be a morphism of algebraic stacks that is separated and locally of approximation type. Then C oh(X/S) is an algebraic stack with affine diagonal. If F ∈ QCoh(X), then Quot(X/S, F) is a separated algebraic space. Proof. We argue almost exactly as in the proof of Theorem (2.2). First we reduce to the case where S is affine and X quasi-compact. Next, we further reduce to the case where there is an approximation X h → X 0 → S. Then there is a natural morphism h * : C oh(X/S) → C oh(X 0 /S) that takes a sheaf G to h * G. The stack C oh(X 0 /S) is algebraic, locally of finite presentation over S and has affine diagonal [Hal12b, Thm. 8.1]. The morphism h * is represented by affine morphisms: given a morphism T → C oh(X 0 /S), corresponding to a finitely presented sheaf G on X 0 × S T , the liftings to C oh(X/S) correspond to the h * O X -module structures of G. Thus, h * is represented by R G/T (h * O X ) which is affine by Corollary (4.3).
If f has finite diagonal, then f is locally of approximation type. Thus, Theorem B is an immediate consequence of Theorem (4.4).
